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Abstract

An accurate algorithm for the hyperbolic equations has been proposed by combining the constrained interpolation pro-
filelmulti-moment finite volume method (CIP/MM FVM) with the characteristic theory. Two types of moments, i.e. the
point value (PV) at cell boundary of each mesh element and the volume-integrated average (VIA) over each mesh cell
of a physical field, are treated as the model variables and updated independently in time. The interpolation that uses both
PV and VIA is reconstructed for each Riemann invariant of the hyperbolic conservation laws. The PVs are then updated
by semi-Lagrangian schemes along the characteristic curves, while the VIAs are computed by formulations of flux form,
where the numerical fluxes are evaluated by averaging the physical fields over the characteristic curves. The Runge-Kutta
type schemes are used for integrating the trajectory equations based on the characteristic speeds to improve the accuracy in
time.

The numerical procedure for the one-dimensional Euler conservation laws is described in detail in this paper. Number
of benchmark tests are presented. The numerical results show that the present method is accurate and competitive to other
existing methods.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Many high resolution finite volume schemes have been so far developed for the Euler conservation laws
that have direct applications in aerodynamic engineering. A finite volume method (FVM) is cast in a flux form
and thus guarantees the numerical conservation which is found to be essential to capturing shock waves with
correct position. In a conventional finite volume method, the discretized model variable of physical field is usu-
ally defined as the volume-integrated average (VIA), or cell-integrated average, over the control volume. The
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numerical flux on each control volume boundary is approximated by an interpolation reconstruction based on
the VIA for each physical field. A high resolution scheme requires the reconstruction to be built in such a way
so that the numerical solution has an accuracy higher than second-order for the smooth region, but does not
produce significant numerical oscillations in the presence of the discontinuities. Representative schemes of this
category are the monotone upwind scheme for conservation laws (MUSCL) [21], the total variation diminish-
ing (TVD) [6], the piecewise parabolic method (PPM) [1], the piecewise rational method (PRM) [35], the essen-
tially non-oscillatory (ENO) [7,17,18], and the weighted ENO (WENO) [11,9]. In these methods, only the VIA
is used as the model variable which is stored and predicted in time. Thus, a high order reconstruction needs a
wide stencil of computation grid, which makes the extension of such a method to unstructured grid not a easy
task.

Different from the above-mentioned conventional conservative high resolution schemes, where only the
VIA of each physical field is treated as the model variable to be put forward in time, the discontinuous Galer-
kin (DG) method [2-5] makes use of some extra moments in addition to the VIA-equivalent quantity as the
model variables too. The VIA-equivalent moment in a DG method is effectively updated through a finite vol-
ume formulation of flux form, and therefore is numerically conserved. A high-order reconstruction can be
built with high-order basis functions in a DG method by increasing the local degrees of freedom (DOF) within
each control volume (mesh element). Each moment (or DOF) in a DG method has its own evolutionary gov-
erning equation derived from the Galerkin formulation, which involves numerical quadratures. Another way
to increase local DOF is found in the spectral finite volume (SV) method [23-26], where each mesh cell or spec-
tral volume (SV) is subdivided into smaller regions, namely control volumes (CVs). The VIA of physical field
is then defined over each CV and updated separately in time. So, high-order polynomials can be piecewisely
constructed over each SV, and the Riemann problems among the CV of the same SV can be solved exactly. A
recent study [23], however, showed that more restrictive CFL condition for computational stability is required
for higher order approximations of either DG or SV method.

An alternative to increase the local DOF is found in the constrained interpolation profile (CIP) method
[36,38], where more than two types of moments, i.e. the point value (PV) and the first-order derivatives
(DV) are simultaneously treated as the model variables and predicted independently in time. Successive studies
have resulted in a class of conservative schemes [20,37,28,29], so called CIP-conservative semi-Lagrangian
(CIP-CSL) methods, for the scalar conservative advection transport. In a CIP-CSL scheme, a moment of
VIA is introduced as a new model variable that is updated by a flux-form formulation and exactly conserved.
More recently, a more general finite volume framework, the CIP/multi-moment finite volume method (CIP/
MM FVM), has been proposed and implemented to various fluid dynamic simulations [30-34]. Using multi-
moment, a CIP/MM FVM can construct the high-order interpolation function on a local base, which makes
the implementation of the method on unstructured mesh much easier. We, for example, have devised a fourth-
order and single-cell based advection scheme on triangular unstructured mesh [8].

A similar multi-moment concept has been used in the Hermite WENO (HWENO) scheme [12] that makes
the stencil much more compact than the conventional WENO scheme. In general, making use of multi-
moments enables one to reconstruct high-order interpolation function with local stencil.

In the CIP/MM FVM, the way to update the moment is more ‘physically motivated’ and more flexible. In
regard to the hyperbolic conservation systems, for example, we compute the VIA (conservative moment)
through a flux-form formulation to achieve the numerical conservativeness, and update the PV (non-conser-
vative moment) by a semi-Lagrangian procedure. As shown in [8], a CIP/MM FVM works well even with a
larger CFL number. Concerning the computation of the Euler equations, a CIP/MM FVM has been devel-
oped by using a pressure projection [32,33]. The resulting algorithm conserves numerically the VIA of the con-
servative variables in the Euler equations, and works for all Mach numbers.

In this paper, we present another more accurate variant of the CIP/MM FVM to the one-dimensional invis-
cid Euler conservation laws by fully implementing the characteristic theory to the system. The semi-Lagrang-
ian solutions are solved in terms of the Riemann invariants along the characteristic curves, and used also to
evaluate the numerical fluxes for updating the VIAs of the conservative variables. It results in a robust and
accurate formulation for the Euler conservation laws.

In Section 2, we describe the CIP/MM FVM for the scalar conservation law, where the definition for the
moments, the CIP-CSL reconstructions and the way to update the moments are given in detail. The imple-
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mentation of the CIP/MM FVM to the one-dimensional Euler conservation laws is discussed in Section 3,
and the numerical experiments for the Euler conservation laws are shown in Section 4. We evaluated our
method with some typical benchmark tests. Finally, some discussions and conclusion remarks end the paper
in Section 5.

2. The scalar conservation laws

In this section, we describe the numerical formulation of the CIP/MM FVM for the scalar conservative
advection transport equation as follows:

0¢p  O(up)
E_F Ox =0, (1)

where ¢ is the transported field quantity and u is the velocity.

2.1. Moments definition

We solve (1) on one-dimensional domain divided into control volumes (mesh cells) [x;_ 1/, Xit1/2];
(i=1,2,...,1). Shown in Fig. 1, two kinds of moments are defined respectively for the field variable ¢(x, ) as
e the volume-integrated average (VIA) over each mesh cell

1
Ax;

4 — / " a1y dr, 2)

where Ax; = x;+1/2 — X;_1/2, and
e the point value (PV) at cell boundary

Py = (5 )- ()

Several conservative CIP schemes [20,37,28,29], i.e. the CIP-CSL schemes, have been proposed to solve the
advection transport equation (1). In a CIP-CSL scheme, the VIA and PV of ¢(x, ¢) are simultaneously treated
as the model variables, and the interpolation functions are built up by using both VIA and PV. We show two
practical CIP-CSL reconstructions below.

2.2. The interpolation functions

2.2.1. CIP-CSL2 reconstruction [37]
Given one VIA 7¢; and two PVs ¢y, over [x;_12, X;+1/2], We construct a piecewise quadratic interpola-
tion function for cell i,

d;(x) :a2(x_xi,%)2+al(x—xi%) + ap. (4)
From the constrained conditions
%F% %Z %ﬂrl
Ti-4 9;i+%

Fig. 1. The locations of the moments for the one-dimensional scalar equation on cell i.
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(5)
L [ omyae=7
Ay ), PE=T
we have the coefficients of (4) as
ap = %F%
I GRS
1 — A)C,- I (6)
3 (—ZV—I + P_H,% + P—l',%)
ay; =

2.2.2. CIP-CSL3 reconstruction [28]

In addition to (5), we include another parameter, the first-order derivative d; at the cell center, and use the
following constrained conditions

Pi(x;_y) =",
P, (xi+%) = P_i+§a

1 x,ﬁ ( )dx _7 (7)
Axi X, 1 v

-

do
- = di'
dx X=X;

A piecewise cubic interpolation function is constructed over cell i as follows:

3 2
®;(x) :a3(x—xi_%) +a2(xfxl-_%) + a; (xfxi_%) + ay,

with

ap) = %i—%a

23V — 3P,y — Axid))
ay = 2 )

Ax;

3 (*2qi - %H—% + 3@1'—% + 2Ax,-d,—> (8)
ay = Ax,z )

4(%:‘% - %i—% - Axidi)

The first-order derivative or gradient of the interpolation function d; can be computed in terms of the
known moments, i.e. the PV and VIA. Shown later, the gradient d; provides a possibility for us to modify
the interpolation function, thus to make the numerical solution to possess some properties desired. For
example, numerical oscillation can be effectively eliminated by simply implementing some existing slope lim-
iters (see [28] for details). We should also notify [14] for another way of reconstruction with a Hermite
interpolation.
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We give two approximations for d; below.

e Second-order approximation
The second-order approximation for d; is obtained by using cell boundary PVs P¢;., /2 of cell i,
d = Pd)i-%—% - Pﬁbi—% 9
=P 9)
It is obvious that with the coefficient of the third-order term vanishing in (8), the cubic interpolation function
becomes a quadratic one. Thus, the CIP-CSL3 reconstruction degrades to the CIP-CSL2 reconstruction. So,
the CSL2 reconstruction can be effectively expressed as a special case of (8). Moreover, as shown later, recast-
ing the CSL2 reconstruction into (8) with the slope evaluated by (9), we are able to introduce a limiting pro-
jection to suppress the numerical oscillations in the original CIP-CSL2 scheme.
e Fourth-order approximation
The fourth-order approximation for d; is obtained by using the VIAs 7 ¢,., and the boundary PVs P¢,., 2 of
two neighboring cells,

d — _ql#l + 10%1'4-% - 10%1’—% =+ %ifl

1 SAX k)
for uniform grid. Compared to the formula in [28], the stencil of the fourth-order approximation (10) is more
compact.

(10)

In this paper, we use the cubic polynomial (8) as the unified form of the interpolation function. The result-
ing reconstruction function is either a quadratic or a cubic polynomial with the slope parameter d; approxi-
mated either by (9) or by (10).

As discussed in our previous papers, the introduction of the slope parameter d; provides us a convenient
way to control both the numerical oscillation and diffusion. Next, we discuss a numerical switching using
the TVB concept to control d; and the numerical oscillations hence.

2.2.3. Slope limiting
High-order reconstructions tend to cause Gibbs phenomena near a discontinuity. Some solution-dependent
switchings have to be devised to suppress the numerical oscillations in the presence of the discontinuity or
large jump. It is well known that the TVD [6] type schemes degrade to first-order not only at a discontinuity
but also at an extremum in the solution. Thus, less restrictive limitings must be considered if one desires higher
order schemes. For example, the total variation bounded (TVB) [15] concept works well with some recent
high-order schemes such as the DG and the SV methods. The TVB scheme maintains high-order accuracy
even at extrema, hence is able to give a globally high-order accuracy.
We adopt the TVB limiting to gradient d; which is at first approximated by (9) or (10). The modified TVB-
minmod limiter [15] is written as
d; if |d;| < MAx,
d = 11
! minmod (d,-, di,%, H%) otherwise, (11)
where d; is the limited gradient used for the interpolation function (8), and d;./, are the two gradients on cell
boundaries approximated in terms of the VIA moment by
T =T i Thin =T
= A and d, = A :
The minmod limiter [6] is defined as

s-min(|a|, |az|, |as|) if s = sign(a;) = sign(as) = sign(as),

d

ol—

i—

minmod(ay, a,, = .
(a1, a2, a3) {O otherwise.
We compute M with the formula given in [2,3],

Ax

2
M ==My(3 + 10M ,
2 DT o] + |

9
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where M, means the maximum absolute value of the second-order derivative over the computational domain.
As the implementations in other methods, the optimal M> in a TVB limiter is also somewhat case-dependent in
our applications.

2.3. Time integration with the Runge—Kutta method

Provided the numerical solutions at step n (¢ = ") for both moments, @;? and @;’H 2> WE consider the
numerical procedure to update the moments to step n+ 1 (r ="' = 7"+ Ar).

In a CIP-CSL scheme, computing the semi-Lagrangian solution to the PV moment involves a procedure to
find out the departure point for each cell boundary, which is the solution at #"*! = /" + Ar to the initial value
problem,

(13)

for cell boundary point x;41/>.
In this paper, we use the Runge—Kutta method to solve (13). The third-order TVD Runge-Kutta method
[16] reads as the following numerical steps for (13),

X1 =Xo— M(Xo,to)At,

X —3X 1X ! X A

2= 0—|—Z I—Zu( 1,11)At, (14)
1 2 2

X3:§X0+§X2—§M(X2,t2)At,

or equivalently

Xl :XO - M(XOatO)Atv
1
X2 :X()—Z(M(Xo7l0)+M(X1,l1))At, (15)

1

X3 =X, — 6 (M(X(), t()) —+ M(Xl, tl) -+ 4M(X2, tz))At.
From (1), we compute the PV according to the non-conservative form in which the flux is decomposed into an
advection part and a non-advection part,

d¢ 0¢ 0¢ ou

_ = _— = — _— 16

TR I SR e (16)
Considering the homogeneous part or the advection part in (16), we compute the PVs using the semi-Lagrang-
ian solution at each substep of the Runge—Kutta time integration (14) as

%,% = Dy, (X1), (17)

where / denotes the Runge-Kutta step, and /= 1,2, 3 for the third-order Runge-Kutta method. The location
of the departure point X; is the solution of (13) by the Runge-Kutta method, and ®;y,) is the piecewise
interpolation function constructed in terms of the moments at ¢ = ¢, over the mesh cell that the departure
point X falls in. The non-advection part in (16) is obtained by an integration along the trajectory 7, and it
can be approximated by the summation @m n= —AtZﬁ;l 0% Py ) (X 1) % (Xo), where o, denotes the
Runge-Kutta weight coefficients. The PV at the cell boundary of step n+ 1 is finally obtained as

— A P
Pd)i:ll/z = P¢§+>1/2 + D
Concerning the computation of the VIA moment, we integrate (1) over [x;_;/2,X:+1/2], yielding the following
conservative formulation to update the VIA,
g 1

ot Ax

(F i, @) = 71 (u, §)), (18)

2
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where  (u, ¢) denotes the numerical flux consistent to (u¢). Rather than the exact integration of the interpo-
lation function used in the original CIP-CSL schemes [20,37,28,29], an average numerical flux is evaluated
from the PVs at all substeps of the Runge—Kutta integration computed in (17).

With PVs computed at each substep by the third-order TVD Runge-Kutta method (15), we approximate
the numerical flux by

A 97(14()(0)7%53) + f(u(Xo),@l%) +4F (“(XO)’%,?L)
yi+%(u7¢> ~ 371;% = 2 5 7

(19)

6
The VIA moment is then predicted by
= — o~ —
=T R T T (20)

Note that we make use of the PVs sampled at the Runge-Kutta substeps along the trajectory for the compu-
tation of numerical flux in the present schemes, rather than the exact integral of the interpolation function for
the numerical flux which is employed in the original CIP-CSL schemes. This provides us great convenience
and efficiency, especially in multi-dimensional cases. Moreover, the following facts indicate that the third-or-
der Runge-Kutta method with the CIP-CSL2 reconstruction gives a third-order accuracy to both PV and
VIA.

For simplicity, we consider the linear scalar equation

#(9) =2 0D

where we assume « > 0 is constant over the computational domain with a uniform grid spacing.

=0, (21)

Proposition 1. Let [ = 3 in (17) and use the CIP-CSL2 reconstruction, the semi-Lagrangian solution of the point
value at cell boundary has third-order accuracy.

Proof. From (17) with /=3, we update the PV at x;,/, by

P = B(X3) = Bilxirn — ub) = 60(1 — )G + (1 — 4o + 3627, — o2~ 367G, (22)
where o = uAt/Ax is the Courant number, and the CIP-CSL2 reconstruction (4) has been used.

The VIA 7¢; is approximated by third-order integration V¢ = (P Gic1p+ i —|—4q’>l—2 /6 over cell i,
where ¢; means the point value at cell center. Substituting above approximated VIA into (22), we express
Pt in terms of the PVs at the nth step as

2

Pgrl = (1= 30+ 264!, — o(1 = 20771, +4o(l — ). ®)

i+ i+
Re-numbering the subscript by j=i+1/2, j— 1=iand j — 2=i— 1/2, we recast (23) into
Ly(PP) =7¢r — (1 =30 +20°)7¢" + (1 — 20)7 ¢, —4a(1 —0)¢, = 0. (24)
A Taylor expansion straightforwardly shows that

_ VA3 A3
#(¢) - 2,09) = - LT L2OTD_ a0 ap), (25)

It states the third-order accuracy of the numerical scheme. [

Proposition 2. Let [ = 3 and use the CIP-CSL2 reconstruction, the numerical solution to the VIA computed by
(19) and (20) has third-order accuracy.

Proof. From (17), (19) and (20), the finite volume equation to update the VIA on the ith cell is
written as
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(76, + 76l +4762)) — (T8, + 76", + 4747
o 2 2 2

Vot =V —
i i 6 )
— . . — . STu B 26
="+ ( i i+ +P¢i7%> +o (_3’/4)[ +37¢1, + 2P¢z+‘ Pd’i—% _Pd)if%) 2
<2V¢ 2V¢;_171 _ @;1% + %?%)'
On the other hand, considering the Taylor expansion of ¢(x, f) about time ¢ and (21), we have

0p AP*P AP Dp At

Af) = At—+—— —
Px, 1+ A1) = P(x,0) + Al 5o+ = =5+ S w5+ aa o)

B 3 | LAPDY AP D AF T
=) b T S e T T e

We integrate (27) over [X;_1/2.Xi+1/2), and truncate the expansion at an order of ((Ax*, Af)
it 31Ax \ Ox? |,

Considering the upwind direction for u > 0, one gets the followings with the CIP-CSL2 reconstruction (4),

¢
4 Oy

¢
x|,

— 7T A A i ¢
V¢;’I+1 ¢ ! (¢i+% - (1)17—) +u 2'2}5 (af

) + O(A , AP).

(28)

_ | _ 0 0’|
¢i+% = qji(xi-%—%)? o . = ox - (x; %)7 Fe) e (xi+%)7
a¢ 0P azlp o’ 29)
=@, 1 - = i1 -1 - = i1 1)
¢17§ i—1 (xlfi) ax i_% ax (x177)7 axz i_% axz (xlfi)

Expressing the interpolation function in the above relations explicitly using (4) and substituting the resulting
expressions into (28), we immediately know that all the terms in (26) are identical to the leading terms in (28).
This means that the finite volume formula (18) with (19) and (20) produces a truncation error of third-
order. [

We should note that although the above conclusions are proved for constant velocity, they also applies to
the case of variable velocity because the third-order Runge-Kutta method for the ordinary differential equa-
tion of the trajectory has a third-order accuracy only if the velocity is continuous.

For the convenience of further discussions and distinguishing the presented schemes from the existing ones,
we refer to the third-order scheme with the slope parameter d; approximated by (9) as CM*-FVM-SL3, a
shorting of CIP/multi-moment finite volume method based on semi-Lagrangian approach of third-order, and
the fourth-order scheme as CM>-FVM-SL4, where d; is computed by (10).

2.4. Numerical examples

We computed some numerical examples of the scalar conservation laws to validate the proposed method
for both linear and nonlinear cases. All experiments are computed with uniform grid and CFL number is
about 0.4 except for the grid refinement tests. However, it is noted that the presented schemes are computa-
tionally stable even with a larger CFL number owing to the semi-Lagrangian nature.

We first solve the linear advection equation with constant velocity u =1,

9 09

=0. 30
o o (30)
Example 2.1. In order to evaluate the convergence rates of the schemes, we conducted grid-refinement
experiments. A smooth distribution defined by
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¢(x,0) =sin(nx), (0 <x<2), (31)

was transported by the one-dimensional advection equation with periodic boundary conditions. The number
of mesh elements is doubly increased from 10 to 320 and the CFL number is fixed as 0.1.

The numerical errors measured by two kinds of norms defined as L; =/ |¢¢ — ¢"|/] and
Ly = max </ (P; — ¢7) norms, where ¢ is the exact solution. The convergence rates of the PV and VIA
are shown in Tables 1 and 2. In this example, the slope parameter d was computed by (9) and (10) respectively
in CM?-FVM-SL3 and CM?-FVM-SL4 without limiting.

It is observed that the CM?-FVM-SL3 has a third-order accuracy as the propositions suggest, while the
CM?-FVM-SL4 has a fourth-order accuracy.

Example 2.2. As an example of capturing contact discontinuity, a square pulse was also computed. The
square-pulse is given as

1 for 0.8 <x<1.2,
$(x,0) = . (0<x<2). (32)
0 otherwise,
The numerical results using 100 mesh cells with M> = 0, 150 and 300 in (12) at t = 4 (2-period) are displayed in
Figs. 2 and 3. Both CM*-FVM-SL3 and CM?-FVM-SL4 have produced symmetrical numerical solutions
without numerical oscillation if M, =0. However, there are significant differences between the two when
the TVB bound M, is increased. The second-order formula (9) gives a small slope at the cell center, and then

Table 1
Numerical errors and convergence rate of the CM?-FVM-SL3 for the linear scalar equation ¢, + ¢ =0
Moment Mesh size L, error L, order L error L., order
PV 10 1.05¢ — 2 - 1.71e — 2 -
20 1.37¢ — 3 2.94 2.20e — 3 2.96
40 1.75¢ — 4 2.97 279 — 4 2.98
80 22le-5 2.99 3.50e — 5 2.99
160 2.77e — 6 3.00 4.38¢ — 6 3.00
320 3.48e — 7 2.99 547e -1 3.00
VIA 10 1.07e — 2 - 1.65¢ — 2 —
20 1.39¢ — 3 2.94 2.17e — 3 2.93
40 1.75¢ — 4 2.99 2.75¢ — 4 2.98
80 2.20e — 5 2.99 3.45¢ -5 2.99
160 2.75¢ — 6 3.00 4.32¢ -6 3.00
320 3.44e -7 3.00 54le -7 3.00
Table 2
Numerical errors and convergence rate of the CM2.-FVM-SL4 for the linear scalar equation ¢, + ¢, =0
Moment Mesh size L, error L, order L. error L, order
PV 10 598¢ — 4 - 8.8le — 4 —
20 343e -5 4.12 522e -5 4.08
40 2.06e — 6 4.06 3.19¢e — 6 4.03
80 1.27¢ — 7 4.02 1.98¢ — 7 4.01
160 791le — 9 4.01 1.24¢ — 8 4.00
320 4.94e — 10 4.00 7.74e — 10 4.00
VIA 10 5.73¢ — 4 - 8.85¢ — 4 -
20 32% -5 4.12 5.15¢ -5 4.10
40 2.0le — 6 4.03 3.15e -6 4.03
80 1.25¢ — 7 4.01 1.96e — 7 4.01
160 7.80e — 9 4.00 1.22¢ — 8 4.01

320 4.87¢e — 10 4.00 7.66e — 10 3.99
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Exact

tr NumEi(lan} o 1 Numerical o A 1 Numgzigl p
08| 08| 08| ]
06| 06| 06} ]
0.4+ 0.4l oal |
02| 0zl ool |

0 0 0

0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2

Fig. 2. Numerical results of CM*-FVM-SL3 for Example 2.2 at ¢ = 4.0 (2-period): (a) M> = 0; (b) M> = 150; and (c) M, = 300.

Exact Exact

1F Numerical o 1r Numerical o | r Numerical o |
0.8 0.8f 0.8 1
0.6 0.6 0.6 1
041 0.4+ 041 4
0.2+ 0.2t 0.2 1
0 0 0

0 . . 2 0 . K 2 0 . . 2

Fig. 3. Same as Fig. 2, but for CM*-FVM-SL4: (a) M, = 0; (b) M, = 150; and (c) M, = 300.

turns off the limiting. The fourth-order one (10) results in a much larger gradient that activates the slope lim-
iter for all cases. The TVB limiter is apparently more effective for high-order reconstruction.

Example 2.3. In this example, we tested the schemes in capturing extrema of various smoothness [7]. The ini-
tial profile is given as

—xsin (3mx?) for —1<x< -1,
¢(x+0.5,0) = < | sin(2mx)| for [1] <x, (-1 <x<). (33)
2x — 1 —sin(3nx)/6 otherwise.

The initial profile was numerical transported up to ¢ = 8 (4-period) using 100 cells by both CM2-FVM-SL3
and CM>-FVM-SL4 with M, =0, 150 and 300. The numerical solutions are shown in Fig. 4 and 5. As ex-
pected, the extrema are better resolved by both schemes when a larger M, is used. The fourth-order scheme
is overall superior to the third-order one.

We computed the inviscid Burgers equation as an example of scalar nonlinear conservation laws:

ou o)

o + o 0. (34)
The PV is solved by the advection form

du  Ou Ou

@~ TR0 (33)

where a(u) = u is the characteristics velocity.
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Fig. 4. Numerical results of CM%-FVM-SL3 for Example 2.3 at ¢ = 8.0 (4-period): (a) M> = 0; (b) M> = 150; and (c) M, = 300.
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Fig. 5. Same as Fig. 4, but for CM%-FVM-SL4: (a) M, = 0; (b) M> = 150; and (c) M, = 300.

The trajectory passing through cell boundary is solved with a characteristic velocity evaluated by

sgn(max) - max (|P_ui+%|, TR |) for discontinuity, (36)

Pu,y otherwise.
2

Our numerical experiments show that (36) not only avoids effectively the “entropy problem” at sonic points
but also works well in suppressing numerical oscillations.
Same as in the linear cases, the numerical flux for updating VIA is obtained by

2 2 2
1 (0) 1 (1) @)
S a0 () +2()

giﬁ% = - 6 ’ (37)
and the VIAs are updated by

Von V n At (— T

=T - (9'}% - 97,._%). (38)

Example 2.4. We evaluated the convergence rates of the schemes for the nonlinear Burgers equation with the
numerical test in [23,12]. The initial condition is given as

u(x,0) = 0.5 +sin(nx), (0<x<2). (39)
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Table 3
Numerical errors and convergence rate for the nonlinear scalar equation u, + (1%/2), =0
Scheme Mesh size L, error L, order L. error L., order
CM%-FVM-SL3 10 7.94e — 3 - 2.64e — 2 -
20 7.31le — 4 3.44 4.05¢ —3 2.70
40 9.22¢e — 5 2.99 5.24e — 4 2.95
80 1.14e — 5 3.02 594e — 5 3.14
160 1.07e — 6 341 4.87¢ — 6 3.61
320 9.98¢ — 8 342 4.5le -7 343
CMZFVM-SL4 10 3.45¢ -3 - 1.14e — 2 -
20 1.83e — 4 4.00 1.04e — 3 3.45
40 1.6le — 5 4.00 943¢ -5 3.46
80 8.03¢e — 7 4.60 5.08¢ — 6 4.21
160 5.0le — 8 4.28 333¢ -7 3.93
320 23le—9 4.09 1.64e — 8 4.34
151 ) ) "Exact "Exact i
Numerical o Numerical o

0.5F

-0.5F -0.5F
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Fig. 6. Numerical results of Example 2.4 at 1 = 1.5/: (a) CM?-FVM-SL3 and (b) CM>-FVM-SL4.

Due to the nonlinearity, the discontinuous solution (shock wave) is fully developed around 7 = 2/%. We solved
the Burgers equation up to 7 = 0.5/n when the solution is still smooth. The numerical errors measured in both
L, and L., norms and the convergence rates of the CM*-FVM-SL3 and CM>-FVM-SL4 for VIA are shown in
Table 3. The expected convergence rates of both schemes are verified again for the nonlinear case.

Moreover, we continued the calculation with 80 mesh cells until z = 1.5/% and obtained a well developed
shock wave. The numerical solutions of the CM*FVM-SL3 and CM*-FVM-SL4 are shown in Fig. 6. The
shock discontinuity is well resolved by both schemes without numerical oscillations. The TVB parameter in
this test is set as M = 7/Ax. It reflects the fact that the numerical derivatives are grid-spacing dependent. The
parameter M is pre-determined in a manner dependent on the grid resolution in this test. It is observed at least
for this test that M = 7/Ax does not trigger the minmod limiter, otherwise a lower convergence rate would be
resulted.

3. The Euler conservation laws

In this section, we implement the CIP/MM FVM to the inviscid Euler conservation laws. We make use of
the strict hyperbolicity of the Euler equations, so the numerical procedure can be extended to system of equa-
tions by computing the semi-Lagrangian solutions in terms of the characteristics. The numerical fluxes, which
are required in the computation of the VIAs of the conservative variables, are approximated by using the semi-
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Lagrangian solutions of the characteristic variables. In the computation of the Euler equations, we use the
third-order TVD Runge—Kutta method for time integration again.

3.1. The one-dimensional Euler equations

The conservative form of the one-dimensional Euler equations, which describe the dynamics of inviscid gas,
are given as follows:

oU OF p pu

—_ _— = — = 2

o + o 0, U poul, F pu-+p |, (40)
e u(e + p)

where U is the vector of conservative variables and F is the vector of inviscid fluxes. Denoted by p is
the density, u the velocity, e the total energy and p the pressure that is obtained by the equation of state
for the perfect gas p = (e — pu’/2)(y — 1). The ratio of the specific heats 7y is specified as 1.4 in this
paper.

From (40), we can obtain the linearized Euler equations about the primitive variables W by freezing the
jacobian matrix A,

W oW P v 0
o TAG =0 W= lul A=10 w (41)
D 0 pc? u

Considering the hyperbolicity, one can consider the following decomposition to diagonalize A, i.e.
A =RAL,

where A is the diagonal matrix of the eigenvalues, whose non-zero diagonal elements are the characteristic
speeds denoted by 1; =u, 1, =u+ ¢ and 13 = u — ¢, respectively. L is the matrix of the left eigenvectors (in-
verse matrix of right eigenvectors R, i.e. L=R™"), and ¢ = /yp/p is the sound speed.

Eq. (41) is then recast into the characteristic form,

u 0 0 10 -4
Laﬂ+ALaﬂ:0, A=|0 u+c¢ 0 |, L=|0 1 | (42)
ot Ox
0 0 wu-c 0 1 —i
We, from (42), have a decoupled system for the characteristic variables (or the Riemann invariants) as,
dpflzdp:(), on (gl(X())S %:/11 =u; x(t:to):Xo, (433)
¢
du+idp =0, on % (Xy): dr =h=utc; x(t=1t)=2X, (43b)
pc dt
d—id =0, on %(X)-%* =u—c; x(t=t)=X (43c¢)
”pCP*7 30-dtf»3*u ¢ x{i=1l)=Ao-
So, the primitive variables at X, can be found by the relations below,
1
p(Xo) = p(X (1)) = 5 {p(Xo) — p(X (1))} =0, (44a)
1
u(Xo) —u(X(%2)) + E{p(XO) —p(X(62))} =0, (44b)
1
u(Xo) — u(X(%3)) - E{p(XO) —p(X(3))} =0, (44c)

where X (%), X(%,) and X(%;) indicate the points on the characteristic curves %, %, and ;,

respectively.
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3.2. The multi-moment discretization
Two types of moments, i.e. the PV at the cell boundary and the VIA over the cell volume, are defined and

treated as the predicted variables for the primitive variables W. The PVs and VIAs of W, shown in Fig. 7, are
defined as

WH%:W(XH%,I) (45>

and

Wi(x,1)dx. (46)

The departure points X (%,,), m =1,2,3, of cell boundary x = x,11/» are obtained by solving the trajectory
equations along the three characteristic curves,

{(ii)t( - _)vm(Xa t>7

=1,2,3. 47
[ S (47)

We solve (47) using the third-order TVD Runge-Kutta method, which reads

Xl((g )_Xo—)» (Xo,l‘())A
XZ((gm)_ X0+ Xl( )_

Yom(Xo,01)At,  for m=1,2,3; (43)
X3(%n) =1 X0 +3X3(,) — 2

Aom
(X0, 12)A,
where %,, denotes the mth characteristic curve, defined by (47).

Consequently, by solving linear-system (44a)—(44c) for primitive variables (p, u, p) along characteristic
curves, we have

0, = 5 {200@) + 200(69) + T T (6) - @)} (492)
Pl = 2 %(X,m))w()r/(%))+ﬁ{9w%>> PG} D, (49)
7Pl = H6) + e Ol = 2L 60)) (49¢)

where Z(x), %(x) and 2(x) represent the CIP-CSL reconstructions for p, u and p, respectively. Thus,
RX1(Gn)), UX(€r)) and P(X,(€,)) denote the semi-Lagrangian solutions along the trajectories defined
by characteristic curve %,, for the Runge—Kutta substeps (/ = 1,2, 3).

The characteristic velocities 4,,(Xo, ;) at each Runge—Kutta substep (/= 0, 1,2) are retrieved from the PVs
of the primitive variables computed by (49a)—(49c¢), and then used in (48).

Fig. 7. The locations of the moments for the one-dimensional Euler equations on cell i.
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The PVs of the primitive variables at the cell boundary x = x4/, of step n + 1 are found directly by

ol =T (50)
P, P,
Puii%l = u%, (51)
P+l _ P (3)

Py =Py (52)

Analogous to the case of the scalar conservation law, the VIAs of the conservative variables U on cell i are
updated by integrating (40) over [x;_1/2, Xi+1/2), Which results in a finite volume formulation,

_ At (—~ C
VU:H»I — VU:" — Ax (CQTH_% — 3‘7,'_%)7 (53)

where the numerical fluxes computed by using the PVs of the primitive variables at the substeps of the Runge—
Kutta integration scheme (195), i.e.
FO (WO L 70 (P 1 452 (FW?
i+5 i+h i+h i+5 i+5 i+5

gzw% = - 6 : (54)

In the whole numerical procedure, we assume that the relations of the continuous physical variables apply also
to the PVs and VIAs, such as,

Ta=Tpu/T, Tp=(Te—ToR/2)(—1), and Pe=Tp/(y— 1)+ TP/

4. Numerical examples for the Euler equations

In this section, we report some benchmark tests that have been widely used to evaluate numerical schemes
for the one-dimensional Euler equations. We denote the maximum CFL number in terms of the largest char-
acteristic velocity over all computational time and mesh cells as CFL,,,,. Our numerical experiments show
that the present method is computational stable for the Euler equations only if CFL,,, is less than 0.8. In
all tests in this paper, the time step is chosen so that CFL,,,, is about 0.4.

Numerical tests were conducted with both the third-order scheme (CM?-FVM-SL3) and the fourth-order
scheme (CM2-FVM-SL4) as mentioned before. The TVB slope limiting was implemented and the differences in
the numerical results from different limiting parameters are shown.

4.1. Advection of density perturbation [12]

In order to evaluate the convergence rate of the proposed schemes, we computed the Euler equations with
gradually refined grids. The initial condition [12] for density, velocity and pressure are specified, respectively,
as po =1+ 0.2sin(nx), ug =1 pg = 1. The computational domain is over [0,2] with periodic boundary condi-
tions. These configuration produces an advection transport of the initial density perturbations. The exact solu-
tion of density is found as p(x, 1) =1 + 0.2sin(n(x — 1)), u(x, t) = p(x, 1) = 1.

The grid resolutions were doubly refined from 10 to 320. The L, and L, errors in the numerical results of
density at 1 =2 and the corresponding convergence rates are summarized in Table 4. Same as in the pure
advection cases, we have obtained the expected orders of accuracy for the Euler equations with variable char-
acteristic velocities. Furthermore, we can find that the present schemes produce numerical results with accu-
racies competitive to those of the HWENO scheme in [12].

4.2. Sod’s problem [19]

Its perhaps the most widely used benchmark test for one-dimensional Euler equations. A 1D shock tube
problem is configured with a diaphragm that initially separates the compressible ideal gas in the two states
as follows:
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Table 4
Numerical errors and convergence rate of the density p for the Euler Eq. (40) with initial conditions py = 1 + 0.2sin(nx) and ug = pg =1
Scheme Mesh size L, error L, order L, error L, order
CM?-FVM-SL3 10 2.13¢ -3 - 3.30e — 3 -
20 2.77e — 4 2.94 444e — 4 2.89
40 3.5le—5 2.98 5.50e — 5 3.01
80 4.40e — 6 3.00 691le — 6 2.99
160 5.5le—17 3.00 8.65¢ — 7 3.00
320 6.89¢ — 8 3.00 1.08e — 7 3.00
CM*-FVM-SL4 10 1.15e — 4 - 1.77e — 4 -
20 6.58¢ — 6 4.13 1.03¢ — 5 4.10
40 4.02e — 5 4.03 6.31e —7 4.03
80 2.50e — 8 4.01 3.92e — 8 4.01
160 1.56e — 9 4.00 2.45¢ -9 4.00
320 9.75¢ — 11 4.00 1.53¢ — 10 4.00
(1,0,1) for 0 <x<0.5
(Pos 0, P0) = 3 10 5 : Co0<x<). (55)
(0.125,0,0.1) otherwise,

We carried out the calculations on 100 mesh cells until 7 = 0.2. The numerical results of CM*-FVM-SL3 and
CM?-FVM-SL4 are shown in Figs. 8 and 9. The shock front and contact discontinuity are captured with cor-
rect locations and satisfactory sharpness. In this numerical test, we specified M, =0 in (12). The numerical
results of both CM2-FVM-SL3 and CM?-FVM-SL4 look competitive to those of the DG method in [3], where

a Exact b Exact C Ekact
1 foem Numerical r Numerical o 1 pesm Numerical o 1
0.8} ] 0.8F 4
0.6} 1 osf 1
0.4 04+ 4
0.2 0.2} g
0 . . . . . . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fig. 8. Numerical results of CM?-FVM-SL3 for Sod’s problem at ¢ = 0.2: (a) density; (b) velocity; and (c) pressure.
a E>‘(act b E)‘(act C E)‘(act
1 p= Numerical o r Numerical o 1 pose Numerical o 4
0.8 1 081 q
06} 1 os} 1
0.4+ 0.4} g
0.2t 0.2f 1
00 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 OO 0.2 0.4 0.6 0.8 1

Fig. 9. Numerical results of CM2-FVM-SL4 for Sod’s problem at ¢ = 0.2: (a) density; (b) velocity; and (c) pressure.
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a similar TVB limiting was also used to control the numerical oscillations, and tuning M, makes significant
difference in the computational outcomes.

4.3. Lax’s problem [10]

Another numerical test with stronger shock and contact discontinuity, namely Lax’s problem [10], is char-
acterized by the following initial conditions,

(0.445,0.698,3.528) for 0 < x < 0.5,
(pOau()va) =

0<x< ). 56
(0.5,0,0.571) otherwise, O<x<l) %)

We used 100 mesh cells. The numerical results at = 0.13 are shown in Figs. 10 and 11. Again, the numerical
solutions of shock, contact discontinuity and expansion fan are obtained with a satisfactory resolution, even
compared to those from the DG method reported in [3].

4.4. Extremely strong shock wave [32]

In this test, strong shock wave is generated by an extremely high pressure in the initial conditions,

(1,0,10') for 0 < x <0.5,
(o> 1o, ) = . O<x<1). (57)
(0.125,0,0.1) otherwise,
Exact ' Exact 4 E‘
X X2 t
14t @ Numerical o b Numerical o c ~ Numexreilgal °
)
1.2
1k
2+
0.8}
05k 1.5F
0.6}
1t
0.4}
ol 0.5
02 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Fig. 10. Numerical results of CM2-FVM-SL3 for Lax’s problem at r = 0.13: (a) density; (b) velocity; and (c) pressure.
‘ Exact 4 ‘ ‘ ‘ E‘ t
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0.6F
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ol 0.5
0.2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 11. Numerical results of CM*-FVM-SL4 for Lax’s problem at ¢ = 0.13: (a) density; (b) velocity; and (c) pressure.
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In this example, the characteristic velocities 4,(m = 1,2, 3) are very large. We compute the characteristic veloc-
ities at each cell boundary by a weighted averaging between the values in terms of the PVs (£4,,) and the values
evaluated from the Roe’s average [13] (R°¢/,,) based on the VIAs of the two neighboring cells as

j“m :ﬁp_)“m"_(l _ﬁ)mm' (58)

In this example, the weight parameter is = 0.5.

We carried out the calculation over 200 mesh cells. The numerical results at 7 =2.5x 10~° are shown in
Figs. 12 and 13. Due to the numerical conservativeness of the VIAs of the conservative variables, the shock
with large jumps in both velocity and pressure were computed with correct locations. The numerical solutions
look very satisfactory in regard to numerical diffusion and spurious oscillations.

4.5. Stationary contact discontinuity

A stationary contact discontinuity was examined with initial conditions as follows:
(1.4,0,1) for 0 < x<0.5,

0<x<1). 59
(1,0,1)  otherwise, x<D (59)

(p01u07p0) = {
The discontinuity in density remains stationary, but poses a challenging problem for some existing high res-
olution schemes, for example, a smeared discontinuity is produced by the flux vector splitting method [22].
Shown in Fig. 14, numerical solutions identical to the exact ones have been obtained by both CM*-FVM-
SL3 and CM*-FVM-SL4.

T 140000 T T T T T
a Exact b Exact C Exact
1% Numerical o - Numerical o 1e+10¢ %, Numerical o 1
3 120000 et , 4 i
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80000 6e+09r+
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60000
4e+09
04r 1 40000t
2e+09
0.2+ J 20000
0 0r
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 12. Numerical results of CM>-FVM-SL3 for extremely strong shock wave at 7 = 2.5 x 10~ (a) density; (b) velocity; and (c) pressure.
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Fig. 13. Numerical results of CM%-FVM-SL4 for extremely strong shock wave at 1 = 2.5 x 107% (a) density; (b) velocity; and (c) pressure.
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